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ABSTRACT
We compute the corrections to the cosmological hydrogen recombination history due to delayed feedback of Lyman-series photons
and the escape in the Lyman-continuum. The former process is expected to slightly delay recombination, while the latter should allow
the medium to recombine a bit faster. It is shown that the subsequent feedback of released Lyman-n photons on the lower lying
Lyman-(n − 1) transitions yields a maximal correction of ∆Ne/Ne ∼ 0.22% at z ∼ 1050. Including only Lyman-β feedback onto the
Lyman-α transition, accounts for most of the effect. We find corrections to the cosmic microwave background T T and EE power
spectra with typical peak to peak amplitude |∆CT Tl /CT Tl | ∼ 0.15% and |∆CEEl /CEEl | ∼ 0.36% at l . 3000. The escape in the Lyman-
continuum and feedback of Lyman-α photons on the photoionization rate of the second shell lead to modifications of the ionization
history which are very small (less than |∆Ne/Ne| ∼ few × 10−6).
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1. Introduction
The tremendous advances in observations of the cosmic mi-
crowave background (CMB) temperature and polarization
angular fluctuations (e.g. Page et al. 2006; Hinshaw et al. 2006)
and the prospects with the Planck Surveyor1 have motivated
several groups to re-examine the problem of cosmological
hydrogen recombination, with the aim of identifying previ-
ously neglected physical processes which could affect the
ionization history of the Universe at the level of & 0.1%,
and may lead to modifications of the cosmological hydrogen
recombination spectrum (Dubrovich 1975; Beigman & Sunyaev
1978; Rybicki & dell’Antonio 1993; Dubrovich & Stolyarov
1995; Burgin 2003; Dubrovich & Shakhvorostova 2004;
Kholupenko et al. 2005; Wong et al. 2006; Rubin˜o-Martı´n et al.
2006; Chluba & Sunyaev 2006a; Chluba et al. 2007), which
could become observable in the future. For example, effects
connected with the two-photon transitions from high s and
d-states to the ground state (Dubrovich & Grachev 2005;
Wong & Scott 2007; Chluba & Sunyaev 2007), the induced
2s-two-photon decay (Chluba & Sunyaev 2006b), the increase
in the 2s-two-photon absorption rate due to the large Lyman-α
spectral distortion (Kholupenko & Ivanchik 2006), and details
in the evolution of the populations of the angular momentum
sub-states (Rubin˜o-Martı´n et al. 2006; Chluba et al. 2007) were
discussed. All these studies show that sub-percent-level correc-
tions to the ionization history do exist, which in principle could
bias the values of the key cosmological parameters (Lewis et al.
2006). It is clear, that when reaching percent-level accuracy in
the determination of the key cosmological parameters or when
considering signatures from inflation, e.g. the possibility of a
running spectral index, accurate theoretical predictions of the
Send offprint requests to: J. Chluba,
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ionization history are required. Here we examine the effects due
to feedback of hydrogen Lyman-series photons and the escape
of photons in the Lyman-continuum on the ionization history
during the epoch of hydrogen recombination, and the impact of
this process on the Lyman-α distortion of the CMB blackbody
spectrum.
The strongest distortions of the CMB spectrum arising dur-
ing the epoch of hydrogen recombination are due to the Lyman-α
transition and the 2s two-photon decay (Zeldovich et al. 1968;
Peebles 1968). The feedback of these excess photons on the
photoionization rates of the second shell has been considered
by Seager et al. (1999, 2000), with no significant changes for
the number density of free electrons, Ne. We confirm this state-
ment for the feedback from Lyman-α photons and find a max-
imal correction of ∆Ne/Ne ∼ 10−6 at z ∼ 500, the redshift
which roughly corresponds to the time, when the maximum of
the CMB spectral distortion due to the Lyman-α transition is
reaching the Balmer-continuum frequency.
However, it has been shown by Kholupenko & Ivanchik
(2006) that the huge excess of photons in the Wien-tail of the
CMB due to the Lyman-α distortion leads to an increase of
the 1s → 2s two-photon absorption rate, which delays recom-
bination and introduces corrections to the ionization history at
the percent-level. Similarly, one expects some feedback of es-
caping Lyman-series photons on lower lying Lyman-transitions
and eventually the Lyman-α transition. Recently, this process
was also considered by Switzer & Hirata (2007) for both he-
lium and hydrogen recombination, using an iterative approach.
Here we directly compute the escaping Lyman-n radiation within
the Sobolev approximation (e.g. see Rubin˜o-Martı´n et al. 2006;
Chluba et al. 2007) and include the feedback on the Lyman-
(n − 1) transition at all times by evaluating the distorted spec-
trum at the corresponding frequency. In addition, we assume that
due to the huge optical depth in all the Lyman-lines, at the end
only the Lyman-α line remains and all the Lyman-n lines will
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Table 1. Appearance of the first few Lyman lines for the com-
putations not including any feedback. In particular we give the
approximate redshift, zmax, at which ∆Iν(zem) is maximal (see
Fig. 1), and the redshift at which the peak of the line reaches
the next lower Lyman resonance, zf ≈ zmax νLy(n−1)/νLyn, where
νLyk is the resonance frequency of the Lyman-k transition. Also
we give the approximate total number of escaping photons per
hydrogen nucleus for each transition.
Line n νLyn [Hz] zmax zf Nγ/NH
Lyman-α 2 2.4674 × 1015 1400 - 4.3 × 10−1
Lyman-β 3 2.9243 × 1015 1450 1223 1.8 × 10−3
Lyman-γ 4 3.0842 × 1015 1461 1385 2.9 × 10−4
Lyman-δ 5 3.1583 × 1015 1464 1430 1.3 × 10−4
Lyman-ǫ 6 3.1985 × 1015 1467 1449 7.9 × 10−5
be completely re-processed by the closest lower lying Lyman-
(n − 1) transition. Therefore, feedback always only works as
Lyn → Ly(n − 1). It is also important to ensure that the line
is not producing any feedback on itself.
In addition, we estimate the escape probability for the
Lyman-continuum and include the approximate net rate for di-
rect recombinations into our multi-level code. As argued earlier
(Zeldovich et al. 1968; Peebles 1968), we find that the modifica-
tion of the ionization history due to this process is indeed com-
pletely negligible.
2. Re-absorption of Lyman-series photons
Although in computations with no feedback, the contributions
of the np → 1s transitions from shells with n > 2 to the total
Lyman-series are rather small (see Fig. 8 in Rubin˜o-Martı´n et al.
2006), in the Wien-tail of the CMB the intensity of these lines is
significantly larger than the blackbody (see Fig. 1). Therefore
one expects that after redshifting each Lyman-transition from
n > 2 will increase the absorption rate for the closest lower
Lyman-series transition (n′ = n − 1 ≥ 2) and thereby slightly
delay hydrogen recombination. For example, the Lyman-β tran-
sition peaks at zem ∼ 1450 with contribution ∆Iν/Bν ∼ 64%
relative to the CMB blackbody spectrum Bν. These excess pho-
tons reach the central frequency of the Lyman-α transition at
z ∼ 1223 and increase the Lyman-α absorption rate, thereby
delaying recombination (see Table 1). It is easy to estimate the
total number of photons released in the Lyman-β transition us-
ing Fig. 1. Its value is close to ∼ 0.18% of the total number of
hydrogen nuclei (see Table 1 for the other transitions). At the
time of maximal feedback (zf ∼ 1223) the number of free elec-
trons is roughly 38% of the total number of hydrogen nuclei.
Therefore the maximal effect one can expect for the feedback-
induced corrections to the ionization history from the Lyman-β
line is ∆Ne/Ne . 0.5%.
In Fig. 2 we present the results for detailed computa-
tions of feedback-induced changes in the free electron fraction.
Including only Lyman-β feedback on the Lyman-α transition ac-
counts for most of the effect, leading to a maximal difference of
∆Ne/Ne ∼ 0.25% at z ∼ 1040.
When including in addition the feedback of Lyman-γ on
Lyman-β, the maximal relative difference decreases to ∆Ne/Ne ∼
0.20%, now peaking at z ∼ 1070. This behavior is expected,
since the Lyman-γ photon reduces the transition rate in the
Lyman-β channel such that its feedback on the Lyman-α line
should become slightly smaller. In addition, the number of elec-
trons reaching the ground state via the Lyman-β transition will
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Fig. 1. Spectral distortions due to the first few Lyman-transitions
at z = 0. No feedback Lyn → Ly(n − 1) has been included.
Upper panel: as a function of the redshift of emission (see Eq. 1
in Rubin˜o-Martı´n et al. 2006). Lower panel: relative to the CMB
blackbody as a function of observing frequency ν.
be reduced, which very likely leads to the small increase of the
correction at z & 1200.
Subsequent inclusion of more feedback results in an alter-
nating behavior of ∆Ne/Ne. We found that for 30-shells, conver-
gence is reached when including feedback from np-levels with
n . 15. In Fig. 2 we also give the full result including all feed-
back within a 30-shell hydrogen atom. In addition we found that
the correction barely depends on the total number of included
shells. Therefore we expect that even for computations with up
to 100-shells the total feedback-induced relative difference will
not change significantly.
Examining the final differences in the Lyman-α distortion
and the feedback-induced modifications of the Lyman-β and γ
lines before their absorption within the corresponding lower ly-
ing resonance (see Fig. 3) shows that the situation is a bit more
complicated. Including only Lyman-β feedback the amount of
emission in the Lyman-α line reduces by ∼ 0.8% at z ∼ 1232.
Note that this redshift is very close to the expected value, zf ∼
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Fig. 2. Changes in the free electron fraction due to inclusion of
Lyman-series feedback relative to the reference model without
feedback. The computations were performed for a 15-shell atom
where for the Lyman-series the escape of photons was modeled
using the Sobolev approximation. The curves are labeled accord-
ing to the sequence of feedback that was included. For example,
4 → 3 → 2 indicates that Lyγ → Lyβ and Lyβ → Lyα feed-
back was taken into account. Also the full result for the 30-shell
hydrogen atom is shown, where feedback up to n = 30 was in-
cluded.
1223, for the maximal feedback (see Table 1). On the other hand,
due to the feedback-induced small changes in the populations
of the levels, the net 2s-1s two-photon transition rate also in-
creases with a maximum of roughly ∼ 0.5% at z ∼ 1034 (see
Fig. 4), which partially cancels the delaying feedback effect on
the Lyman-α transition.
When including Lyman-γ feedback, as expected, the emis-
sion in the Lyman-β line reduces, with a maximal difference at
the expected value z ∼ 1384. Adding Lyman-δ feedback reduces
the strength of the feedback of Lyman-γ on the Lyman-β transi-
tion by a significant fraction. Comparing the relative strength of
the Lyman-δ at its maximum with the Lyman-γ line at zf (Fig. 1)
yields ∆Iδν (zmax)/∆Iγν (zf) ∼ 1/2, which indicates that Lyman-δ
should be able to affect Lyman-γ strongly. Looking at the rel-
ative difference in the Lyman-γ when including Lyman-δ feed-
back shows that at zf ∼ 1430 the line is reduced by ∼ 50%.
3. The Lyman-continuum escape
To estimate the maximal effect arising due to successful es-
cape of photons from the Lyman-continuum we shall neglect
any re-absorption of photons below the threshold frequency
νc ≈ 3.288 × 1015 Hz. Although one can expect some modifi-
cation due to the forest of lines in the Lyman-series close to the
continuum2, this approach will yield an upper limit on the effect,
which turns out to be very small in any case.
With this in mind, in the vicinity of the Lyman-continuum
the photon number only changes by recombination and ioniza-
2 Within a small energy-distance ξ below the ionization potential
these in principle can be treated as a continuation of the photoionization
cross-section (e.g. see Appendix II in Beigman et al. 1968).
tion to the ground state (we neglect electron scattering):
1
c
∂Nν
∂t
∣∣∣∣∣
rec
1s
= NeNp f (Te)σ1sc 2ν
2
c2
e
− hνkB Te − N1s σ1scNν . (1)
Here Ne and Np are the free electron and proton number densi-
ties, N1s is the number density of hydrogen atoms in the ground
state and Nν = Iν/hν, where Iν is the photon intensity. In addi-
tion, f (Te) =
(
N1s/Ne Np
)LTE
and σ1sc is the 1s-photoionization
cross-section. As can be seen from Eq. (1), photons are emitted
with a spectrum3 φrecem ∝ σ1sc(ν) ν2e−hν/kBTγ . We now compute the
probability that one single recombination will lead to a success-
ful escape of photons.
The optical depth for absorption of a photon, which has been
emitted at redshift zem and is observed at frequency νobs at red-
shift zobs, within the Lyman-continuum is given by
τc(zem, zobs, νobs) = c
∫ zem
zobs
N1s σ1sc(νz)
H (1 + z) dz (2)
where νz = νobs(1 + z)/(1 + zobs). If we substitute ν˜ = νz and use
dν˜ = νobs dz/(1 + zobs) then we have
τc(zem, νem, νobs) = c
∫ νem
νobs
N1s σ1sc(ν˜)
H
dν˜
ν˜
(3)
Fixing the emission frequency and the emission redshift one can
immediately determine the current redshift as a function of ν˜
with ν˜/νem = (1+ z)/(1+ zem). Now the escape probability in the
Lyman-continuum can be directly given in terms of the normal-
ized emission profile φrecem = Nσ1sc(ν) ν2e−hν/kBTγ :
PLy−cesc (zem) =
∫ ∞
νc
φrecem(ν′) exp
[
−τc(zem, ν′, νc)] dν′, (4)
where N is determined from the condition
∫
φrecem(ν) dν = 1.
Because φrecem is sufficiently narrow (∆ν/νc ∼ kBTγ/hνc ∼ 1/40 at
z ∼ 1400) it only takes a very short time to cross the emission
profile via redshifting. Since the characteristic time for changes
of N1s and H is much longer, one can write
PLy−cesc (zem) ≈
∫ ∞
νc
φrecem(ν′) exp
[
−τ0
∫ ν′
νc
σˆ1sc(ν˜)
ν˜
dν˜
]
dν′ (5)
where σˆ1sc(ν) = σ1sc(ν)/σ1sc(νc) and the optical depth at the
threshold frequency is τ0(zem) = cσ1sc(νc) N1s(zem)/H(zem).
It is possible to simplify Eq. (5) even further. First, since
the emission profile is very narrow one may use φrecem ≈
˜Ne−h[ν−νc]/kBTγ , with the corresponding normalization constant
˜N . Assuming σˆ1sc ≈ [νc/ν]3 one then obtains
PLy−cesc (zem) ≈
∫ ∞
0
e−ξ[1+τ
esc
c ] dξ = 1
1 + τescc
, (6)
where τescc = τ0
kBTe
hνc . We see that interpreting the continuum
profiles as a very narrow line4, PLy−cesc appears to be similar to
the Sobolev approximation for the escape of photons from res-
onance lines. In particular PLy−cesc also scales as 1/τescc for large
optical depth τescc ≫ 1. However, unlike in the Sobolev approx-
imation there is no symmetry between the absorption and emis-
sion profile, which actually is one of the key requirements that
makes the Sobolev escape probability completely independent
of the line profile. Comparing the results of Eq. (5) and Eq. (6)
shows that the latter equation provides a sufficient approxima-
tion to PLy−cesc (see Fig. 5).
3 Here and below we neglect the difference in the electron and photon
temperature, which is smaller than ∆T/T ∼ 10−6 − 10−4 at most times
during recombination.
4 This is possible due to the exponential factor in φrecem.
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Using Eq. (6) it is easy to include the possibility of direct
recombinations to the ground state connected with the escape of
continuum photons. For this,one should add
∆Rc1s ≈ PLy−cesc (zem) ×
[
N1s R1sc − Ne Np Rc1s
]
, (7)
to the rate equations of the electrons and subtract this term for the
1s-equation. Here Rc1s and R1sc are the recombination and pho-
toionization rate of the ground state, respectively. Note that we
assume that on the blue side of the Lyman-continuum the spec-
trum is Planckian. Therefore the photoionization rate R1sc does
not include any spectral distortion. However, due to the release
of photons during He i recombination some small distortions are
created, which lead to an increase of the photoionization rate.
Comparing the escape probability for the Lyman-continuum
with the Sobolev escape probability for the Lyman-α photons
(see Fig. 5) one can see that PLy−cesc (zem) is roughly 10−100 times
larger at most times. However, including the possibility of direct
recombinations to the ground state in our recombination code
yields a tiny correction to Xe (see Fig. 6), which shows that ∆Rc1s
as given by Eq. (7) is still many orders of magnitude smaller than
the net Lyman-α transition rate. One can safely neglect direct
recombinations to the ground state of hydrogen for computations
of the recombination history.
4. Discussion
We have shown that Lyn → Ly(n−1) feedback leads to a modifi-
cation in the ionization history of ∆Ne/Ne ∼ 0.22% at z ∼ 1050.
Since this is very close to the peak of the Thomson-visibility
function (Sunyaev & Zeldovich 1970), corrections to the CMB
power spectra of similar order are expected. Computing the
CMB TT and EE power spectra using the results for the ion-
ization history with and without the additional feedback we find
changes with a typical peak to peak amplitude |∆CTTl /C
TT
l | ∼
0.15% and |∆CEEl /CEEl | ∼ 0.36% at l . 3000 (see Fig. 7).
As shown by Chluba & Sunyaev (2007) due to two-photon
processes one can expect some asymmetries in the emission pro-
files of the higher Lyman-series lines. This could modify the
amount and time-dependence for the Lyn → Ly(n − 1) feedback
process and may lead to additional differences in the results pre-
sented above. However, because the bulk of photons that escape
in the red wing of a particular Lyman-transition is expected to
come from close to the line center, this may be of minor impor-
tance. Here the most interesting aspect may be the changes in
the time-dependence of the feedback, but more detailed compu-
tations would be necessary to understand this problem.
In addition one should look at the feedback-induced cor-
rections in the hydrogen recombination history due to the He i
spectral distortions, in particular due to the photons appearing
in the 21P1 → 11S0 resonance transition, the 23P1 → 11S0 in-
tercombination line and the 21S0 → 11S0 two-photon contin-
uum. It is clear that all high frequency He ii lines will be re-
processed during He i recombination, and correspondingly can
only affect the ionization history during that epoch. However,
for the feedback of the He i lines on hydrogen recombination it
will be important to compute the re-processing of photons in the
Lyman-continuum and all the subsequent Lyman-series transi-
tions. Since all of these transitions are very optically thick a huge
part of the photons released during He i and He ii recombination
will never reach the observer today, but due to re-absorption by
neutral hydrogen, they are fully converted to hydrogen Lyman-α
and 2s-1s continuum photons (see also Kholupenko et al. 2007;
Rubin˜o-Martı´n et al. in preparation). Since most of the helium
21P1 → 11S0 photons are released at z ∼ 1800 − 2600, they
should be re-absorbed by neutral hydrogen atoms at the early
stages z & 1200 − 1400. One can also conclude this from
the paper of Kholupenko et al. (2007), where the re-processed
He ii → He i photons appear on the red side of the hydrogen
Lyman-α distortion (most hydrogen Lyman-α photons are re-
leased at z ∼ 1400). Therefore the helium photons affect the hy-
drogen recombination history well before the maximum of the
Thomson-visibility function (z ∼ 1100), and hence should have
a rather small impact on the CMB power spectra. However, a
more careful computation is required and will be described in a
forthcoming paper (Rubin˜o-Martı´n et al. in preparation).
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Fig. 3. Feedback-induced changes of ∆Iν(zem) for the Lyman-α
and the modifications of the Lyman-β and γ lines before their
absorption within the corresponding lower lying resonance. The
results are based on the computations for a 15-shell hydrogen
atom.
800 900 1000 1100 1200 1300 1400 1500 1600 1700 1800
z
0
0.2
0.4
0.6
0.8
1
∆R
2s
1s
 
 
in
 [1
01
3 
cm
3  
s-
1 ]
3 → 2
4 → 3 → 2
5 → 4 → 3 → 2
6 → ... → 2
7 → ... → 2
Fig. 4. Changes in the net 2s-1s two-photon decay rate due to the
inclusion of Lyn → Ly(n − 1) feedback, as labeled. The results
are based on the computation for a 15-shell hydrogen atom.
500 1000 1500 2000 2500 3000
z
10-10
10-8
10-6
10-4
10-2
100
P e
sc
Lyman-continuum (Eq. 5)
Lyman-α (Sobolev)
Lyman-continuum (Eq. 6)
Fig. 5. Escape probability for the Lyman-continuum as given by
Eq. (5) and Eq. (6). For comparison we also show the Sobolev
escape probability for the Lyman-α photons.
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Sobolev approximation was used. Note that the absolute value
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ing of pre-calculated recombination histories, and where the cor-
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